The primary focus of this work is to numerically investigate the influence of temperature dependent viscosity and thermal conductivity on hydromagnetic flow over slendering stretching sheet. In the process held at high temperature like glass blowing, the fluid properties like viscosity and thermal conductivity may gets influenced in such temperature which motivated us to analyze those kind of problem. Considering steady, two dimensional, nonlinear, laminar flow of an incompressible, viscous and electrically conducting fluid over a stretching sheet with variable thickness in the presence of variable magnetic field. Numerical computations are carried out for various values of the physical parameters and the effects over the velocity and temperature are analyzed. Numerical values of dimensionless skin friction coefficient and non-dimensional rate of heat transfer are also obtained and presented in tabulated form. It is noticed that, in additional to the magnetic field there are two more regulators which can manipulate to maintain the optimal heat for the glass blowing process to attain required shapes.
Introduction
Research on boundary layer flow over a stretching sheet has received a striking increase in interest because of its importance in several manufacturing process in industry which include the boundary layer along the material handling conveyors, metal extrusion, continuous casting of metals, polymer extrusion, spinning of filaments, glass blowing, copper wires drawing, crystal growing, glass fiber production and paper production [1] [2] [3] . This study was initiated by Sakiadis [4] through the problem on continuous moving solid surface. Following his path, some closed form exponential solution of two-dimensional flow past a stretching plane was established by Crane [5] . Later, Banks [6] obtained the similarity solutions of the boundary layer equations for a stretching wall. Since then, research area of stretching sheet has been flooded with many research articles with multiple dimensions enriched by the innovative researchers.
During the metallurgical process, the rate of cooling can be controlled by drawing such strips into an electrically conducting fluid subjected to a magnetic field in order to get the final products of desired characteristics; as such a
Peer review under responsibility of Nigerian Mathematical Society. process greatly depends on the rate of cooling. In view of this, the study has been extended to hydromagnetic flow over a stretching sheet along with heat transfer characteristics and was investigated by many researchers. Sparrow and Cess [7] reported the effect of magnetic field on the natural convection heat transfer. Chakrabarti and Gupta [8] analyzed the hydromagnetic flow and heat transfer over a stretching sheet. The hydromagnetic convective flow over the continuous moving surface was studied by Vajravelu [9] . New dimension in the field of stretching sheet has arrived that it can be stretched nonlinearly. Similarity solutions of the boundary layer equations for a nonlinearly stretching sheet was analysed by Akyildiz et al. [10] . Heat transfer over a nonlinearly stretching sheet with non-uniform heat source and variable wall temperature was studied by Nandeppanavar et al. [11] . Significance of magnetic field over stretching sheet with power law velocity was enlightened by many authors. Chiam [12] examined the hydromagnetic flow over a surface with a power-law velocity.
List of symbols
Steady nonlinear hydromagnetic flow and heat transfer over a stretching surface of variable temperature was analyzed by AnjaliDevi and Thiyagarajan [13] . The solution to the MHD flow over a non-linear stretching sheet were obtained by Raftari et al. [14] . Later, the problems regarding hydromagnetic flow over stretching sheets attained a new level. The researchers approached with an innovative and multidimensional thoughts to study different types of fluids in various physical situations. Recently, Boundary layer flow near stagnation-points on a vertical surface with slip in the presence of transverse magnetic field was studies by Seini and Makinde [15] . Akbar et al. [16] obtained the dual solutions in MHD stagnation-point flow of a Prandtl fluid impinging on a shrinking sheet. Magnetohydrodynamic mixed convective slip over an inclined porous plate with viscous dissipation and Joule heating investigated by Das et al. [17] . Very recently, Ibrahim and Makinde [18] analysed the double-diffusive mixed convection and MHD Stagnation point flow of nanofluid over a stretching sheet.
Practically, the stretching sheet need not be flat. Sheet with variable thickness can be encountered more often in real world applications. Plates with variable thickness are often used in machine design, architecture, nuclear reactor technology, naval structures and acoustical components. Variable thickness is one of the significant properties in the analysis of vibration of orthotropic plates. Hassan and Makary [19] analyzed the transverse vibrations of elliptical plate of linearly varying thickness with half of the boundary clamped and the rest simply supported. Historically the concepts of variable thickness sheets originate through linearly deforming substance such as needles and nozzles. Idea about the variable thickness sheet was initiated by Lee [20] .
Later, Fang et al. [21] studied the behavior of boundary layer flow over a stretching sheet with variable thickness. The numerical solution for boundary layer flow due to a nonlinearly stretching sheet with variable thickness and slip velocity has been obtained by Khader and Megahed [22] . Recently, AnjaliDevi and Prakash [23] studied the hydromagnetic flow over a stretching sheet with variable thickness and variable surface temperature. Thermal radiation effects on hydromagnetic flow over a slendering stretching sheet were analysed by AnjaliDevi and Prakash [24] .
All the above studies were confined to the fluid with uniform viscosity and thermal conductivity. However, it is known that these physical properties may change significantly with the temperature (Animasaun [25] ). For instance, the viscosity of water decreases by about 240% when the temperature increases from 10 [26] ). The effects of variable viscosity and thermal conductivity on the flow and heat transfer have become more important in engineering applications such as geothermal systems, crude oil extraction and machinery lubrication etc. Especially in machineries, the moving part like bearings gets heated due to friction caused between them which need lubrication for smooth functioning. Viscosity and thermal conductivity of such lubricants may be affected by those frictional temperature. In order to predict the physical behavior of such kind of the problem, it is inevitable to consider the dependence of viscosity and thermal conductivity with the temperature.
Variable viscosity and thermal conductivity effects on combined heat and mass transfer in mixed convection over a UHF/UMF wedge in porous media:the entire regime were analyzed by Hassanien et al. [27] . Khan et al. [28] investigated the effects of variable viscosity and thermal conductivity on a thin film flow over a shrinking/stretching sheet. Pal and Mondal [29] studied the effects of temperature-dependent viscosity and variable thermal conductivity on MHD non-Darcy mixed convective diffusion of species over a stretching sheet.
So far no attempt has been made on temperature dependent viscosity and thermal conductivity effects on hydromagnetic flow over a stretching sheet with variable thickness. In this work a special form of magnetic field is considered along with the variable surface temperature to analyze various aspects of the flow and heat transfer effects.
Formulation of the problem
Steady, two dimensional, nonlinear, laminar hydromagnetic boundary layer flow of an incompressible, viscous and electrically conducting fluid over a stretching sheet with variable thickness in the presence of variable magnetic field, variable viscosity and variable thermal conductivity is considered.
The x-axis is chosen in the direction of the sheet motion and the y-axis is perpendicular to it (see Fig. 1 ). The wall is impermeable with v w = 0. The sheet is stretching with the velocity U w (x) = U 0 (x + b) m where U 0 is a constant. The sheet is not flat and is described with a given profile which is specified as y = A(x + b) Considering a magnetic field ( ⃗ B) is applied perpendicular to the flow of an electrically conducting fluid with velocity vector ( ⃗ V ) in the x direction.
⃗ B in (x) can be neglected by assuming the magnetic Reynolds number is so small. Hence ⃗ B has its components as
Since there is no loss in applied magnetic field, the relation div ⃗ B = 0 is satisfied automatically. Purely for analytic reasons, since the flow is steady, so that no macroscopic charge density is being built up at any place in the system and all currents are constant with respect to time. Due to the interaction of the velocity and magnetic fields, an electric field vector ( ⃗ E) occurs perpendicular to both ⃗ V and ⃗ B. This electric field is given by,
where '×' stands for cross product of the two vectors ⃗ E and ⃗ B. By assuming the conducting fluid is isotropic in spite of the magnetic field, the electrical conductivity of the fluid can be denoted by the scalar σ . Using Ohm's law [30] , the density of the current induced in the conducting fluid ( ⃗ j) is given by,
Simultaneously due to the interaction of magnetic field ( ⃗ B) with the induced current ( ⃗ j), the Lorentz force ( ⃗ F) is created which is given by,
This force ⃗ F occurs because, as an electric generator, the conducting fluid cuts the lines of the magnetic field. The vector ⃗ F is the vector cross product of both ⃗ j and ⃗ B and is a vector perpendicular to the plane of both ⃗ j and ⃗ B. This induced Lorenz force tends to oppose the flow motion since this is parallel to ⃗ V but in the opposite direction. The fluid viscosity (µ) is assumed to vary as an inverse function of temperature (T ), in the form (Lai and Kulacki [31] )
Eq. (5) can be rewritten as follows:
where a = γ /µ ∞ and T r = T ∞ − 1/γ are constants and their values depend on the reference state and the thermal property of the fluid. In general, a > 0 for liquids and a < 0 for gases. The fluid thermal conductivity (k), is assumed to vary as a linear function of temperature in the form (Slattery [32] )
In general, c > 0 for fluids such as water and air, while c < 0 for fluids such as lubricating oils. This form can be rewritten in the form:
where S = c (T w (x) − T ∞ ), θ is defined below in Eq. (16) . The range of variation of S can be taken as follows (Schlichting et al. [33] ), for air 0 ≤ S ≤ 6, for water 0 ≤ S ≤ 0.12 and for lubrication oils −0.1 ≤ S ≤ 0. Under the above assumptions, the steady boundary layer equations (Anjali Devi and Thiyagarajan [13] ) are given by
with the boundary conditions
Similarity transformations
The special form of magnetic field and wall temperature are represented in the following way,
are considered to obtain the similarity solutions. In order to solve the Eqs. (9)- (11) subject to Eq. (12), the stream function and similarity transformations are introduced as follows:
Eqs. (14)- (16) are proposed based on the standard practice for similarity transformation of partial differential equations. Using (ψ), the velocity components u and v are classically defined as
Using the Eqs. (14), (15) and (17), the velocity components are expressed as follows
For the validity of the similarity variable and functions, it is assumed m > −1 in this work. Equation of continuity (9) is automatically satisfied. Using the Eqs. (5)- (8) and similarity transformations Eqs. (13)- (16), the nonlinear partial differential Equations (10) and (11) with boundary conditions (12) are reduced to the following nonlinear ordinary differential equations:
where
. Eqs. (20) and (21) with the boundary conditions (22) are the nonlinear differential equations with a domain [χ , ∞). In order to facilitate the computation and to transform the domain into [0, ∞), we define
The similarity equations become
where the prime indicates differentiation with respect to ξ , Pr =
. Obviously, as (−θ r ) → ∞ leads to µ → µ ∞ (constant) which represents the fact that as (−θ r ) → ∞, the viscosity variation in the boundary layer is negligible but as (−θ r ) → 0 the signification of viscosity variation gets increased. Based on the variable transformation, the solution domain will be fixed from 0 to ∞.
The important physical quantities of interest, C f and N u x are defined as 
and X = (x + b).
Numerical solution
The set of non-linear coupled differential Equations (23) and (24) constitute the nonlinear boundary value problem prescribed at the boundaries. The governing system of partial differential equations are first reduced to a system of ordinary differential equations. The crux of the problem is that to make an initial guess for the values of F ′′ (0) and Θ ′ (0). The system of transformed equations together with the boundary conditions are solved numerically using Nachtsheim-Swigert shooting iteration technique (Nachtsheim and Swigert [34] ) for the satisfaction of the asymptotic boundary conditions along with fourth order Runge-Kutta integration method. In this particular shooting method, the governing system of partial differential equations are at first to initiate the shooting process. The success of the procedure depends on the appropriate choice of the guess. The different initial guesses were made taking into account of the convergence. The process is repeated until the results are corrected upto desired accuracy of 10 −5 level. The numerical solutions are obtained for several values of the physical parameters over the flow field and dimensionless temperature distribution. Numerical values of dimensionless skin friction coefficient and non dimensional rate of heat transfer are also obtained.
Results and discussion
The step size η = 0.01 is used while obtaining the numerical solution of the Eqs. (23) and (24) subjected to the boundary conditions (25) by taking the desired accuracy level as 10 −5 , the main results of this work were summarized through graphs and tables.
In order to assess the reliability of the present numerical technique, the numerical values of F ′′ (0) for the flow field of constant viscosity fluid  θ r = −10 9  in absence of magnetic interaction parameter  M 2 = 0  and slip flow (λ = 0) were compared with that of Fang et al. [21] and Khader and Megahed [22] it is found to be in excellent agreement which portrayed in Table 1 .
In the view of heat transfer property, the water has higher rate than the air. Hence the further analysis has confined with water (Pr = 7.02).
The solution of the problem were observed for several values of
≤ θ r ≤ −0.7) and S (0 ≤ S ≤ 0.1). Numerical results obtained are portrayed for the velocity and temperature distributions through Fig. 2 to Fig. 9 .
The effect of Lorentz force over the velocity distribution can be observed in Fig. 2 . For increasing magnetic interaction parameter  M 2  , the velocity gets decelerated in related with decrease in momentum boundary layer thickness. The Lorentz force generated form the interaction of magnetic and electric fields during the motion of an electrically conducting fluid. Increase in magnetic field dominates the fluid motion during interaction which triggers the opposition behavior of the Lorentz force. Fig. 3 elucidates the impact of magnetic field over the temperature distribution. It reveals that the induced Lorenz force suppressed the flow motion to slow down while passing the sheet which give more time to the heat dissipates into flow, this causes the enhancement in the temperature and simultaneously the thermal boundary layer thickness also gets thicker.
Velocity distribution for various values of velocity power index (m) is represented graphically in Fig. 4 . It can be noted that, increasing in values of velocity power index leads to more slenderness in the sheet which facilitates the fluid to slide faster which makes to accelerate the velocity distribution and increase the velocity boundary layer thickness. Fig. 5 reveals the dimensionless temperature distribution for different values of velocity power index (m). It shows the increasing trend over the dimensionless temperature distribution and thermal boundary layer thickness for the increasing values of velocity power index. Physically, thinner surface exhibits heat faster than thicker surfaces. Here increasing velocity power index tends to reduce the thickness of the sheet. Hence the dimensionless temperature distribution gets enhanced for increasing velocity power index.
Influence of the wall thickness parameter (χ ) over the velocity distribution can be viewed through Fig. 6 . Increasing in wall thickness parameter acts as the retarding factor for the velocity distribution, increasing wall thickness barricades the flow motion to slows down the flow field. Eventually the boundary layer thickness gets thinner for increasing values of wall thickness parameter. Fig. 7 elucidates the variation in the temperature distribution for the variation in wall thickness parameter. As said above, thicker surfaces slowly emits the heat into the flow. Hence the increases in wall thickness parameter is to reduce the heat dissipation towards the flow which makes the temperature distribution to decrease. The thermal boundary layer becomes thinner for higher values of wall thickness parameter.
Viscosity is due to the internal frictional force that develops between different layers of fluids as they are forced to move relative to each other. Fig. 8 is the graphical representation of the velocity profiles for various values of viscosity parameter (θ r ). It is noticed that the increase of viscosity parameter decreases the velocity distribution and reduces the velocity boundary layer. This is due to the fact that, the increasing viscosity corresponds to the increasing resistance to flow which suppress the velocity of the fluid.
The effect of thermal conductivity parameter (S) on the temperature distribution is observed in Fig. 9 . As the thermal conductivity parameter increases the temperature distribution gets increased. This due to the enhancement in the temperature with the increased thermal conductivity of the fluid. The thermal boundary layer thickness is also increased. The numerical values of dimensionless skin friction coefficient and local Nusselt number for various physical parameters are portrayed in Table 2 .
It shows that the dimensionless skin friction gets decreased for increasing values of Magnetic interaction parameter (M 2 ), wall thickness parameter (χ ) and viscosity parameter (θ r ) and increased for the increasing values of velocity power index (m) and thermal conductivity parameter (S). Regarding the local Nusselt number, increase in wall thickness parameter (χ ) increases the Nusselt number whereas all other parameters like Magnetic interaction parameter (M 2 ), velocity power index (m), viscosity parameter (θ r ) and thermal conductivity parameter (S) tends to decreases the Nusselt number as its increased.
Conclusion
The problem of temperature dependent viscosity and thermal conductivity effects on hydromagnetic flow over a slendering stretching sheet has been analyzed. A parametric study on dimensionless velocity, temperature, skin friction coefficient, heat transfer rate are carried out. In the absence of Magnetic interaction parameter, when M 2 = 0, θ r = −10 9 , S = 0, χ = 0.5, and m = −0.6 the results are identical to that of Fang et al. [21] and Khader and Megahed [22] .
Physical situations like glass blowing process encounters these kind of problems. Magnetic fields can be used to manipulate the flow past such stretching surface. During glass manufacturing process maintaining the temperature for blowing glass is vital. Because an optimal temperature is essential to keep them flexible enough to blow, otherwise obtaining the desired shape is difficult.
At very high temperatures, the properties of fluid flow past such surfaces like viscosity and thermal conductivity may gets vary. For the situations of such kind, this study may helps them to analyse other aspects of the problem. In major sense, the magnetic field plays a vital role in heat transfer rate by controlling the fluid motion past such surfaces. From this study it can be noted that, increase in viscosity decreases the fluid flow which gives us a regulator to control the fluid flow. Similarly, increase in thermal conductivity enhances the temperature of the fluid by conducting more heat from the substance. Using the thermal conductivity as another regulator to control the heat conducting nature of the fluid, one can control the temperature of the blowing glass substance. In additional to the magnetic field, with these regulators one can manipulate the optimal heat for the glass blowing process to attain required shapes.
Future research on slendering sheet is wide open, more contributions are to be made towards this area. Recent problems like [35] [36] [37] and etc., with different kinds of fluids, flow conditions and physical natures can be analysed with slendering stretching sheet.
